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a b s t r a c t
For 0 ≤ µ ≤ λ, 0 < α ≤ 1, 1/(p + 1) < τ ≤ 1, m ∈ N0 = N ∪ {0} and p ∈ N,
a new class M+λµmp(α, τ ) of meromorphic p-valent functions defined by means of the
differential operator Dmλµp is introduced and systematically studied. Membership in this
class is characterized through coefficient estimates. Distortion, radii of starlikeness and
convexity of order β (0 ≤ β < 1), Hadamard convolution product, an integral operator,
convex combinations and neighborhoods are also investigated.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Given p ∈ N, letM+p denote the class of all meromorphic functions f of the form
f (z) = 1
zp
−
∞−
n=1
anzn (an ≥ 0, n ∈ N; 0 < |z| < 1) (1.1)
which are analytic and p-valent in the punctured open unit disk of the complex plane.
Let 0 ≤ β < 1. A function f ∈M+p is said to bemeromorphically multivalent starlike of order β provided that
ℜ

−1
p
zf ′(z)
f (z)

> β (0 < |z| < 1).
Similarly, a function f ∈M+p is said to bemeromorphically multivalent convex of order β provided that
ℜ

−1
p

1+ zf
′′(z)
f ′(z)

> β (0 < |z| < 1).
For 0 ≤ µ ≤ λ, f ∈M+p and 0 < |z| < 1, the differential operator Dmλµp (m ∈ N0 = N ∪ {0}) is defined by the formulas
(D0λµpf )(z) = f (z),
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(D1λµpf )(z) = (Dλµpf )(z) = λµ
[zp+1f (z)]′′
zp−1
+ (λ− µ) [z
p+1f (z)]′
zp
+ (1− λ+ µ)f (z),
(Dmλµpf )(z) = Dλµp(Dm−1λµp f )(z) (m ∈ N).
This operator has been introduced in [1], although some special cases had been previously considered by several authors.
For instance, the case λ = 1 and µ = 0 appeared in [2], the case µ = 0 in [3], and the case p = 1 in [4,5]. Note that, for a
fixedm ∈ N0,
(Dmλµpf )(z) =
1
zp
−
∞−
n=1
Φn(λ, µ,m, p)anzn,
where
Φn(λ, µ,m, p) = {[λµ(n+ p+ 1)+ (λ− µ)](n+ p)+ 1}m ≥ 1 (n ∈ N)
is an increasing function of n. In particular, Dmλµpf ∈M+p whenever f ∈M+p .
Definition 1.1. For 0 ≤ µ ≤ λ,m ∈ N0, p ∈ N, 0 < α ≤ 1 and 1/(p + 1) < τ ≤ 1, the classM+λµmp(α, τ ) consists of all
those f ∈M+p such that(Uλµmpf )(z) < α (Vλµmpτ f )(z) (0 < |z| < 1), (1.2)
where
(Uλµmpf )(z) =
zp+1

(Dmλµpf )(z)
′′
(Dmλµpf )(z)
′ + (p+ 1)zp (0 < |z| < 1)
and
(Vλµmpτ f )(z) = [(p+ 1)τ − 1]
zp+1

(Dmλµpf )(z)
′′
(Dmλµpf )(z)
′ + (p+ 1)(τ − 1)zp (0 < |z| < 1).
Our purpose here is to investigate this class systematically. In the sequel, unless otherwise stated, λ,µ,m, p, α, τ will
denote fixed parameters within the ranges specified in Definition 1.1. Following a standard program in geometric function
theory, the properties studied for M+λµmp(α, τ ) include coefficient estimates (Section 2), distortion (Section 3), radii of
starlikeness and convexity of order β , for 0 ≤ β < 1 (Section 4), Hadamard convolution product (Section 5), action of
an integral operator (Section 6), convex combinations (Section 7) and neighborhoods (Section 8).
2. Coefficient estimates
The next result characterizes membership inM+λµmp(α, τ ) through coefficient behavior.
Theorem 2.1. A function f ∈M+p given by (1.1) lies inM+λµmp(α, τ ) if, and only if,
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nan ≤ p2(p+ 1)ατ . (2.1)
The estimate is sharp for the functions
fn(z) = 1zp −
p2(p+ 1)ατ
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nz
n (n ∈ N, 0 < |z| < 1). (2.2)
Proof. Let f ∈M+p be given by (1.1). Assume (2.1) holds, and fix z, 0 < |z| < 1. A direct computation shows that(Uλµmpf )(z) (Dmλµpf )(z)′ = zp+1 (Dmλµpf )(z)′′ + (p+ 1)zp (Dmλµpf )(z)′
=
− ∞−
n=1
Φn(λ, µ,m, p)(n+ p)nanzn+p−1
 (2.3)
≤
∞−
n=1
Φn(λ, µ,m, p)(n+ p)nan|z|n+p−1
≤
∞−
n=1
Φn(λ, µ,m, p)(n+ p)nan (2.4)
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and (Vλµmpτ f )(z) (Dmλµpf )(z)′ = [(p+ 1)τ − 1] zp+1 (Dmλµpf )(z)′′ + (p+ 1)(τ − 1)zp (Dmλµpf )(z)′
=
p2(p+ 1)τz −
∞−
n=1
Φn(λ, µ,m, p){[(p+ 1)τ − 1]n− p}nanzn+p−1
 (2.5)
≥ p
2(p+ 1)τ
|z| −
∞−
n=1
Φn(λ, µ,m, p){[(p+ 1)τ − 1]n− p}nan|z|n+p−1
> p2(p+ 1)τ −
∞−
n=1
Φn(λ, µ,m, p){[(p+ 1)τ − 1]n− p}nan. (2.6)
From (2.4) and (2.6), we infer(Uλµmpf )(z) (Dmλµpf )(z)′− α (Vλµmpτ f )(z) (Dmλµpf )(z)′
<
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nan − p2(p+ 1)ατ
≤ 0,
whence (1.2).
Conversely, assume f ∈M+λµmp(α, τ ). For 0 < |z| < 1, conditions (1.2), (2.3) and (2.5) yield ∞−
n=1
Φn(λ, µ,m, p)(n+ p)nanzn+p−1

< α
p2(p+ 1)τz −
∞−
n=1
Φn(λ, µ,m, p){[(p+ 1)τ − 1]n− p}nanzn+p−1
 . (2.7)
Now (2.7) immediately gives
ℜ
 ∞−
n=1
Φn(λ, µ,m, p)(n+ p)nanzn+p−1

< αℜ

p2(p+ 1)τ
z
−
∞−
n=1
Φn(λ, µ,m, p){[(p+ 1)τ − 1]n− p}nanzn+p−1

. (2.8)
Choosing z = r ∈ R and letting r → 1− in (2.8) allows us to conclude (2.1).
The estimate (2.1) is clearly sharp for the functions (2.2). The proof is thus complete. 
Some consequences of Theorem 2.1 are the following.
Corollary 2.2. If f ∈M+λµmp(α, τ ) is given by (1.1), then
an ≤ p
2(p+ 1)ατ
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} n (n ∈ N).
This estimate is sharp for the functions (2.2).
Corollary 2.3. Suppose f ∈M+λµmp(α, τ ) is given by (1.1). Then
∞−
n=1
nan ≤ p
2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] (n ∈ N). (2.9)
This estimate is sharp for the function
f (z) = 1
zp
− p
2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] z (0 < |z| < 1). (2.10)
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Proof. The sequence {Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} n}∞n=1 is increasing. By Theorem 2.1,
Φ1(λ, µ,m, p)(p+ 1)[1− α(1− τ)]
∞−
n=1
nan =
∞−
n=1
Φ1(λ, µ,m, p) {1+ α[(p+ 1)τ − 1] + p(1− α)} nan
≤
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nan
≤ p2(p+ 1)ατ .
From this (2.9) follows readily. It is apparent that equality in (2.9) is attained for the function (2.10). 
Corollary 2.4. Suppose f ∈M+λµ(m+1)p(α, τ ) is given by (1.1). Then
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nan
p2(p+ 1)ατ ≤
1
Φ1(λ, µ, 1, p)
(n ∈ N).
In particular, f ∈M+λµmp(α, τ ). This estimate is sharp for the function
f (z) = 1
zp
− p
2ατ
Φ1(λ, µ,m+ 1, p)[1− α(1− τ)] z (0 < |z| < 1).
Proof. By Theorem 2.1,
∞−
n=1
Φn(λ, µ, 1, p)Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nan
p2(p+ 1)ατ
=
∞−
n=1
Φn(λ, µ,m+ 1, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nan
p2(p+ 1)ατ
≤ 1 (n ∈ N).
Hence the result. 
3. Distortion
The coefficient estimates obtained in the previous section enables us to prove a distortion theorem for the class
M+λµmp(α, τ ).
Theorem 3.1. If f ∈M+λµmp(α, τ ), then
|f (z)| ≥ 1|z|p −
p2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] |z| (0 < |z| < 1) (3.1)
and
|f (z)| ≤ 1|z|p +
p2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] |z| (0 < |z| < 1). (3.2)
Moreover,
|f ′(z)| ≥ p|z|p+1 −
p2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] (0 < |z| < 1) (3.3)
and
|f ′(z)| ≤ p|z|p+1 +
p2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] (0 < |z| < 1). (3.4)
These estimates are sharp for the function (2.10) at the points z = ±r, provided that
0 < r < min

1,
Φ1(λ, µ,m, p)[1− α(1− τ)]
p2ατ

. (3.5)
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Proof. The estimates (3.1)–(3.4) follow immediately from Corollary 2.3. Choose r as in (3.5). Then
|f (z)| = 1
rp
− p
2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] r =
1
|z|p −
p2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] |z|
when either z = r or z = −r and p is odd, while
|f (z)| = 1
rp
+ p
2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] r =
1
|z|p +
p2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] |z|
when z = −r and p is even. This shows that (3.1) and (3.2) are sharp. Analogously,
|f ′(z)| = p
rp+1
+ p
2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] =
p
|z|p+1 +
p2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)]
when either z = r or z = −r and p is odd, while
|f ′(z)| = p
rp+1
− p
2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] =
p
|z|p+1 −
p2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)]
when z = −r and p is even. This shows that (3.3) and (3.4) are sharp as well and completes the proof. 
4. Starlikeness and convexity
Theorem 4.1. Let f ∈M+λµmp(α, τ ) be given by (1.1), and let 0 ≤ β < 1.
(i) If
r1 = r1(λ, µ, α,m, p, τ , β)
= inf
n∈N

Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} (1− β)n
p(p+ 1)ατ [n+ (2− β)p]
1/(n+p)
,
then f (z) (0 < |z| < r1) is meromorphically multivalent starlike of order β .
(ii) If
r2 = r2(λ, µ, α,m, p, τ , β)
= inf
n∈N

Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} (1− β)
(p+ 1)ατ [n+ (2− β)p]
1/(n+p)
,
then f (z) (0 < |z| < r2) is meromorphically multivalent convex of order β .
Proof. To prove (i) it suffices to show zf ′(z)+ pf (z)pf (z)
 = 1p zf ′(z)f (z) + 1
 < 1− β (0 < |z| < r1). (4.1)
Let 0 < |z| < 1. Since
 zf ′(z)+ pf (z)pf (z)
 ≤

−
∞∑
n=1
(n+ p)anzn+p
p−
∞∑
n=1
panzn+p
 ≤
∞∑
n=1
(n+ p)an|z|n+p
p−
∞∑
n=1
pan|z|n+p
,
Eq. (4.1) will follow at once from
∞∑
n=1
(n+ p)an|z|n+p
p−
∞∑
n=1
pan|z|n+p
< 1− β,
or, equivalently,
∞−
n=1
n+ (2− β)p
p(1− β) an|z|
n+p < 1.
3032 I. Marrero / Computers and Mathematics with Applications 62 (2011) 3027–3036
By Theorem 2.1, for this to hold it is enough to request that
n+ (2− β)p
p(1− β) |z|
n+p <
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} n
p2(p+ 1)ατ (n ∈ N),
or
|z| < inf
n∈N

Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} (1− β)n
p(p+ 1)ατ [n+ (2− β)p]
1/(n+p)
.
Similarly, to prove (ii) it suffices to show zf ′′(z)+ (p+ 1)f ′(z)pf ′(z)
 = 1p zf ′′(z)f ′(z) +

1
p
+ 1
 < 1− β (0 < |z| < r2). (4.2)
Let 0 < |z| < 1. Since
 zf ′′(z)+ (p+ 1)f ′(z)pf ′(z)
 ≤

−
∞∑
n=1
(n+ p)nanzn+p
−p2 −
∞∑
n=1
pnanzn+p
 ≤
∞∑
n=1
(n+ p)nan|z|n+p
p2 −
∞∑
n=1
pnan|z|n+p
,
Eq. (4.2) will follow at once from
∞∑
n=1
(n+ p)nan|z|n+p
p2 −
∞∑
n=1
pnan|z|n+p
< 1− β,
or, equivalently,
∞−
n=1
n+ (2− β)p
p2(1− β) nan|z|
n+p < 1.
By Theorem 2.1, for this to hold it is enough to request that
n+ (2− β)p
p2(1− β) |z|
n+p <
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)}
p2(p+ 1)ατ (n ∈ N),
or
|z| < inf
n∈N

Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} (1− β)
(p+ 1)ατ [n+ (2− β)p]
1/(n+p)
.
The proof is complete. 
5. Hadamard convolution product
Definition 5.1. If f , given by (1.1), and g , given by
g(z) = 1
zp
−
∞−
n=1
bnzn (bn ≥ 0, n ∈ N; 0 < |z| < 1), (5.1)
both lie inM+p , then the convolution f ∗ g of f and g is defined as
(f ∗ g)(z) = 1
zp
−
∞−
n=1
anbnzn (0 < |z| < 1).
Theorem 5.2. Let f ∈ M+λµmp(α, τ ) be given by (1.1), and g ∈ M+p be given by (5.1). If bn ≤ 1 (n ∈ N), then f ∗ g ∈
M+λµmp(α, τ ).
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Proof. By Theorem 2.1,
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nan
p2(p+ 1)ατ ≤ 1.
Hence,
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nanbn
p2(p+ 1)ατ
≤
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nan
p2(p+ 1)ατ
≤ 1.
The desired conclusion comes again from Theorem 2.1. 
Corollary 5.3. If p2ατ ≤ Φ1(λ, µ,m, p)[1− α(1− τ)], then f , g ∈M+λµmp(α, τ ) implies f ∗ g ∈M+λµmp(α, τ ).
Proof. Assume g ∈ M+λµmp(α, τ ) is given by (5.1). Under our hypotheses, Corollary 2.3 entails that bn ≤ 1 (n ∈ N). It is
enough to apply Theorem 5.2. 
6. An integral operator
The integral operator we deal with below has been considered by several authors [6–8].
Theorem 6.1. Let c > 0. If f ∈M+λµmp(α, τ ) then Fcp ∈M+λµmp(α, τ ), where
Fcp(z) = czp+c
∫ z
0
up+c−1f (u) du = c
∫ 1
0
up+c−1f (uz) du (0 < |z| < 1).
Proof. A direct computation shows that Fcp = f ∗ g , with
g(z) = 1
zp
−
∞−
n=1
c
n+ p+ c z
n (0 < |z| < 1)
and
c
n+ p+ c ≤ 1 (n ∈ N).
It suffices to apply Theorem 5.2. 
7. Stability under convex combinations
Next we gather some results about convex combinations of functions in the classM+λµmp(α, τ ).
Theorem 7.1. Let r ∈ N and let fi ∈M+λµmp(α, τ ) (i ∈ N, 1 ≤ i ≤ r), where
fi(z) = 1zp −
∞−
n=1
ainzn (ain ≥ 0, i, n ∈ N, 1 ≤ i ≤ r; 0 < |z| < 1).
If ti ≥ 0 (i ∈ N, 1 ≤ i ≤ r) and∑ri=1 ti = 1, then∑ri=1 tifi ∈M+λµmp(α, τ ).
Proof. In fact, we have
r−
i=1
tifi(z) = 1zp −
∞−
n=1

r−
i=1
tiain

zn (0 < |z| < 1),
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where
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} n

r−
i=1
tiain

=
r−
i=1
ti
 ∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nain

≤ p2(p+ 1)ατ
r−
i=1
ti
= p2(p+ 1)ατ .
The desired conclusion thus follows from Theorem 2.1. 
Theorem 7.2. Let fn ∈M+λµmp(α, τ ) (n ∈ N0) be defined by
f0(z) = 1zp (0 < |z| < 1)
and (2.2). Then f ∈M+λµmp(α, τ ) if, and only if,
f (z) =
∞−
n=0
λnfn(z) (0 < |z| < 1) (7.1)
for some λn ≥ 0 (n ∈ N0) such that∑∞n=0 λn = 1.
Proof. Assume f is of the form (7.1), with λn ≥ 0 (n ∈ N0) and∑∞n=0 λn = 1. For 0 < |z| < 1, we then have
f (z) =

1−
∞−
n=1
λn

f0(z)+
∞−
n=1
λnfn(z)
=

1−
∞−
n=1
λn

1
zp
+
∞−
n=1
λn

1
zp
− p
2(p+ 1)ατ
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nz
n

= 1
zp
−
∞−
n=1
p2(p+ 1)ατλn
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nz
n,
where
∞−
n=1
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} n
p2(p+ 1)ατ
× p
2(p+ 1)ατλn
Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} n =
∞−
n=1
λn = 1− λ0 ≤ 1.
By Theorem 2.1, f ∈M+λµmp(α, τ ).
Conversely, assume f ∈M+λµmp(α, τ ) is of the form (1.1). By Theorem 2.1, setting
λn = Φn(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} nanp2(p+ 1)ατ (n ∈ N), λ0 = 1−
∞−
n=1
λn,
we find that λn ≥ 0 (n ∈ N),∑∞n=0 λn = 1, and (7.1) holds. 
8. Neighborhoods
Neighborhoods of analytic functions have been considered by many authors; see e.g. [9]. These motivate the definitions
and results in this section.
Definition 8.1. Suppose f ∈M+p is given by (1.1), and let 0 ≤ δ < 1. The Npδ-neighborhood of f is defined by
Npδ(f ) =

g(z) = 1
zp
−
∞−
n=1
bnzn ∈M+p :
∞−
n=1
n|an − bn| ≤ δ

.
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Similarly, the N˜pδ-neighborhood of f is defined by
N˜pδ(f ) =

g(z) = 1
zp
−
∞−
n=1
bnzn ∈M+p :
∞−
n=1
sn(λ, µ,m, p, α, τ )|an − bn| ≤ δ

,
where
sn(λ, µ,m, p, α, τ ) = Φ(λ, µ,m, p) {n+ α[(p+ 1)τ − 1]n+ p(1− α)} np2(p+ 1)ατ (n ∈ N).
Definition 8.2. Let 0 ≤ σ < 1. The function f ∈ M+p is said to lie in the classM+σλµmp(α, τ ) if there exists g ∈ M+λµmp(α, τ )
such that f (z)g(z) − 1
 ≤ 1− σ (0 < |z| < 1).
Theorem 8.3. Let f ∈M+λµmp(α, τ ) be given by (1.1), and let 0 ≤ δ < 1. If
σ = Φ1(λ, µ,m, p)[1− α(1− τ)](1− δ)− p
2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] − p2ατ ,
then Npδ(f ) ⊂M+σλµmp(α, τ ).
Proof. Pick g ∈M+p given by (5.1), with
∑∞
n=1 n|an − bn| ≤ δ. Then
∑∞
n=1 |an − bn| ≤ δ as well. By Corollary 2.3, we have
∞−
n=1
an ≤ p
2ατ
Φ1(λ, µ,m, p)[1− α(1− τ)] .
Hence,
g(z)f (z) − 1
 ≤
∞∑
n=1
|an − bn| |z|n+p
1−
∞∑
n=1
an|z|n+p
≤
∞∑
n=1
|an − bn|
1−
∞∑
n=1
an
≤ δΦ1(λ, µ,m, p)[1− α(1− τ)]
Φ1(λ, µ,m, p)[1− α(1− τ)] − p2ατ
= 1− σ (0 < |z| < 1).
The proof is thus complete. 
Theorem 8.4. Let f ∈M+λµ(m+1)p(α, τ ) ⊂M+λµmp(α, τ ) be given by (1.1), and let
δ = 1− 1
Φ1(λ, µ, 1, p)
.
Then N˜pδ(f ) ⊂M+λµmp(α, τ ). This result is sharp, in the sense that δ cannot be increased.
Proof. Corollary 2.4 shows that
∞−
n=1
sn(λ, µ,m, p, α, τ )an ≤ 1
Φ1(λ, µ, 1, p)
.
Let g ∈ N˜pδ(f ) be given by (5.1). Then
∞−
n=1
sn(λ, µ,m, p, α, τ )bn ≤
∞−
n=1
sn(λ, µ,m, p, α, τ )an +
∞−
n=1
sn(λ, µ,m, p, α, τ )|bn − an|
≤ 1
Φ1(λ, µ, 1, p)
+ δ = 1,
whence, by Theorem 2.1, g ∈M+λµmp(α, τ ).
3036 I. Marrero / Computers and Mathematics with Applications 62 (2011) 3027–3036
To prove the sharpness of the result, choose 0 < ε < 1 − δ and set δ∗ = δ + ε. Consider the functions f , g ∈ M+p ,
given by
f (z) = 1
zp
− p
2ατ
Φ1(λ, µ,m+ 1, p) [1− α(1− τ)] z (0 < |z| < 1)
and
g(z) = 1
zp
−
[
δ∗p2ατ
Φ1(λ, µ,m, p) [1− α(1− τ)] +
p2ατ
Φ1(λ, µ,m+ 1, p) [1− α(1− τ)]
]
z (0 < |z| < 1).
Since
s1(λ, µ,m+ 1, p, α, τ ) p
2ατ
Φ1(λ, µ,m+ 1, p) [1− α(1− τ)] = 1,
it turns out that f ∈M+λµ(m+1)p(α, τ ). On the other hand,
s1(λ, µ,m, p, α, τ )
δ∗p2ατ
Φ1(λ, µ,m, p) [1− α(1− τ)] = δ
∗.
Thus, g ∈ N˜p,δ∗ . However,
s1(λ, µ,m, p, α, τ )
[
δ∗p2ατ
Φ1(λ, µ,m, p) [1− α(1− τ)] +
p2ατ
Φ1(λ, µ,m+ 1, p) [1− α(1− τ)]
]
= δ∗ + 1
Φ1(λ, µ, 1, p)
= (δ + ε)+ (1− δ) = 1+ ε > 1,
so that g ∉M+λµmp(α, τ ). 
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